It is commonly thought that small couplings in a low-energy theory, such as those needed for the fermion mass hierarchy or proton stability, must originate from symmetries in a high-energy theory. We show that this expectation is violated in theories where the Standard Model elds are conned to a thick w all in extra dimensions, with the fermions \stuck" at dierent points in the wall. Couplings between them are then suppressed due to the exponentially small overlaps of their wave functions. This provides a framework for understanding both the fermion mass hierarchy and proton stability without imposing symmetries, but rather in terms of higher dimensional geography. A model independent prediction of this scenario is non-universal couplings of the Standard Model fermions to the \Kaluza-Klein" excitations of the gauge elds. This allows a measurement of the fermion locations in the extra dimensions at the LHC or NLC if the wall thickness is close to the TeV scale.
Introduction
The usual way of organizing our thinking about physics beyond the Standard Model (SM) is the eective eld theory paradigm: all operators consistent with the symmetries are present in the theory, with higher-dimension operators suppressed by powers of the ultraviolet cuto. The SM itself provides an exception to this expectation: the Yukawa couplings for all the fermions other than the top quark are much smaller than O(1). This does not lead to any ne-tuning problems since small Yukawa couplings are technically natural. Nevertheless, we are normally led to suspect that the fermion mass hierarchy is controlled by (weakly broken) avor symmetries operative at shorter distances. Similar issues surround the question of proton decay in extensions submof the SM, especially when there is new physics at the TeV scale. Once again, some symmetry is normally invoked to forbid dangerous 1/(TeV) suppressed interactions mediating proton decay. Furthermore, imposing global symmetries on low-energy eective theories, for instance, stabilizing the proton by declaring that the low-energy theory respects baryon number, is widely considered to beunsatisfactory given the lore that blackholes/wormholes violate all non-gauged symmetries. This seems particularly problematic for theories where the fundamental Planck scale is lowered close to the TeV scale [1, 2, 3, 4, 5, 6] , and suggests that some sort of continuous [3, 7] or discrete [2] gauge symmetry is required to adequately suppress proton decay.
In this paper, we will show that all of this lore can easily and generically beviolated in theories where the SM elds are constrained to live on a wall in n extra dimensions, where gravity and perhaps other SM singlet elds are free to propagate. We will construct a simple model where our wall is slightly thick in one of the extra dimensions. The wall will have interesting sub-structure: while the Higgs and SM gauge elds are free to propagate inside it, the SM fermion are \stuck" at dierent points in the wall, with wave functions given by narrow Gaussians as shown in Figure 1 .
Without imposing any avor symmetries on the short-distance theory,
Quarks
Leptons thick wall we will see that the long-distance 4-dimensional theory can naturally have exponentially small Yukawa couplings, arising from the small overlap between left-and right-handed fermion wave functions. Similarly, without imposing any symmetries to protect against proton decay, the proton decay rate can be exponentially suppressed to safety if the quarks and leptons are are localized at dierent ends of the wall . We emphasize that there is nothing ne-tuned about this from the point of view of the low-energy 4-dimensional theory; all the exponentially small couplings are technically natural. However, our examples violate the usual intuition that small couplings in a low-energy theory must be explained by symmetries in the high-energy theory. Instead, Our approach to to the fermion mass hierarchy similar in spirit to the one in [7] . For other approaches to suppressing Yukawa couplings and proton decay, see [6] .
small couplings arise from the location and geometry of fermion elds stuck at dierent points in the extra dimensions, with no symmetries in the highenergy theory whatsoever. Note that this mechanism of separating fermions in an extra dimension is already being used to preserve chiral symmetry on the lattice in Kaplan's domain wall fermions [8] . Lattice simulations [9] show that chiral symmetry is protected very eectively by separating the left and right handed components of the fermions in the 5'th dimension.
If the wall thickness L is close to the TeV scale, which is natural in theories with very low fundamental Planck scale, the mechanisms suggested in this paper can give rise to dramatic signals at future colliders. Since the SM gauge elds can only propagate inside the wall, L eectively acts as the size of the extra dimensions for them y . Therefore, at energies above L 1 , \Kaluza-Klein" excitations (the higher harmonics of a particle in a box) of the gauge elds can be produced, and can scan the wall substructure. In particular, while the lowest excitation of the gauge elds (which w e identify as the usual 4-d SM gauge elds) have a at wave function throughout the wall and couple with standard strength to all the SM fermions, the KK excitations couple with non-universal strength to the fermions stuck at dierent points in the wall. For instance, if some of the fermions are stuck at special points (say the center of the wall), KK excitations of e.g. the photon can be baryophobic or leptophobic. More generally, measurements of the non-universal couplings of KK excitations to SM fermions can pin down their geometrical arrangement in the thick wall.
We emphasize that our prediction of non-universal couplings of the SM fermions to gauge and Higgs elds is model-independent, it only depends on the fact that the fermions are stuck at dierent points in the extra dimensions. Of course, the values of the dierent couplings are model-dependent and can y Note that the dimensions where the gauge elds propagate need not be orthogonal to the large dimensions in which only gravity propagates; the gauge elds can just be restricted to live in a smaller part of the gravitational dimensions. The possibility o f T eV sized extra dimensions with KK excitations for the SM gauge elds was rst considered by A n toniadis [10] beused to distinguish between models.
In Section 2 we describe an explicit eld theory mechanism which w e use to construct a setup as outlined above; we discuss how to localize a single chiral fermion to defects in higher dimensions and then generalize to several fermions localized at dierent points in the vicinity of the same defect. In Section 3 we derive the exponentially small couplings which result from our framework and demonstrate how the scenario can explain the SM fermion mass hierarchy and suppress proton decay. We also comment on neutrino masses. Section 4 contains a brief discussion of experimental signatures resulting from the non-universal couplings of KK gauge elds. For example, our KK elds make a contribution to atomic parity violation with the correct sign to explain the discrepancies between the SM prediction and the most recent experimental results [11] . Our conclusions are drawn in section 5.
Localizing chiral fermions

One chiral fermion in 5 dimensions
For simplicity w e limit ourselves to constructions with one extra dimension. Generalizations to higher dimensions are equally interesting and can beanalyzed similarly. Localizing elds in the extra dimension necessitates breaking of higher dimensional translation invariance. This is accomplished in our construction of a thick w all by a spatially varying expectation value for a vedimensional scalar eld as shown in Figure 2 . We assume the expectation value to have the shape of a domain wall transverse to the extra dimension and centered at x 5 = 0 . F or example, such an expectation value could result from a Z 2 symmetric potential for . z We will now show that the Dirac equation for a ve dimensional fermion in the background of this scalar eld has a zero mode solution which corresponds z Interactions with the fermions below break this symmetry and render the domain wall prole unstable but the rate for tunneling to a constant expectation value can easily be suppressed to safety. 
As it will be useful in the following sections, we record below the two dierent Lorentz invariant fermion bilinears in 5 dimensions 
The rst is the usual Dirac bilinear, while the second is the Majorana bilinear which generalizes the familiar 4-dimensional expression, where instead of C 5 we have C 4 = 
Here the coordinates of our 3+1 dimensions are represented by x whereas the fth coordinate is x 5 ; ve-dimensional elds are denoted with capital letters whereas four-dimensional elds will be lower case. This Dirac operator is separable, and it is convenient to expand the elds in a product basis (6) where the n are arbitrary four-dimensional Dirac spinors and P L;R = (1 
The jL n i and jR n i each form an orthonormal set and for non-zero 2 n are related through jR n i = ( 1 = n ) a jL n i as can beveried easily from Eq.(7).
The eigenfunctions with vanishing eigenvalues need not bepaired however.
It is no accident that we use simple harmonic oscillator (SHO) notation. For the special choice (x 5 ) = 2 2 x 5 the operators a and a y become the usual SHO creation and annihilation operators up to a normalization factor p 2, and the operator a y a becomes the number operator N. The eigenkets are then related to the usual SHO kets by jL n i = j n i and jR n i = j n 1 i .
The pairing of eigenfunctions also persists for general . This follows most elegantly from considering the operators Q = a 0 P L and Q y = a y 0 P R which are the supercharges of an auxiliary supersymmetric quantum mechanics system [13] with Hamiltonian H = fQ; Q y g. Then P L jL n i and P R jR n i are the \boson" and \fermion" eigenstates of H respectively, and the equality of eigenvalues of jL n i and jR n i is the usual boson-fermion degeneracy of supersymmetric theories. Again, zero modes need not be paired which allows us to obtain chiral 4-d theories. While most of what follows applies also to the case of general we will nd it convenient to use the SHO language.
Expanding in jL n i and jR n i the action for a 5-d Dirac fermion eq. (4) can be re-written in terms of a 4-d action for an innite number of fermions
The rst two terms correspond to 4-d two-component chiral fermions,they arise from the zero modes of Eq. (7). The third term describes an innite tower of Dirac fermions corresponding to the modes with non-zero n in the expansion.
The zero mode wave functions are easily found by i n tegrating a y jL n i = 0 and a jR n i = 0 . The solutions hx 5 jL; 0i exp i ; (11) and hx 5 jR;0i is not normalizable. Thus the spectrum of four dimensional elds contains one left-handed chiral fermion in addition to an innite tower
x Of course, we will be working in nite volume in the end, then the other mode is normalizable as well, but it is localized at the other end of the extra dimension. The existence of this other mode is dependent on boundary conditions. of massive Dirac fermions. The shape of the wave function of the chiral fermion is Gaussian, centered at x 5 = 0 . Note that coupling to would have rendered hx 5 jR;0i normalizable and we would have instead localized a massless right handed chiral fermion.
For clarity, let us write the full wave function of the massless chiral fermion in the chiral basis
Many chiral fermions
We can easily generalize Eq. (4) to the case of several fermion elds. We simply couple all 5-d Dirac elds to the same scalar
Here we allowed for general Yukawa couplings ij and also included masses m ij for the fermion elds. Mass terms for the ve-dimensional elds are allowed by all the symmetries and should therefore be present in the Lagrangian. In the case that we will eventually be interested in { the standard model { the fermions carry gauge charges. This forces the couplings ij and m ij to be block-diagonal, with mixing only between elds with identical gauge quantum numbers. For simplicity we will set ij = ij in this paper, then m ij can be diagonalized with eigenvalues m i . Finding the massless four-dimensional elds is completely analogous to the single fermion case of the last section. Each 5-d fermion i gives rise to a single 4-d left chiral fermion. Again, the wave functions in the 5th coordinate are Gaussian, but they are now centered around the zeros of m i . In the SHO approximation this is at x i 5 = m i =2
2
. Thus, at energies well below the ve-dimensional action above describes a set of non-interacting four dimensional chiral fermions localized at dierent 4-d \slices" in the 5th dimension. Note that while the overall position of the massless fermions in the x 5 -direction is a dynamical variable (the location of the zero of ), the relative positions of the various fermions are xed by the m i . Thus even when we turn on interactions between the massless elds, the relative distances which control the size of coupling constants in the eective 4-d theory stay xed.
We now exhibit the eld content of the 5-d theory which can reproduce the chiral spectrum of the 4-d SM as localized zero modes. First note that by choosing all 's positive we have localized only left handed chiral Weyl spinors. That implies that we will construct the SM using only left handed spinors, the right handed elds are represented by their charge conjugates We also briey mention how w e imagine conning gauge elds to a (3+1)-dimensional wall. A eld-theoretic mechanism for localizing gauge elds was proposed by Dvali and Shifman and was later extended and applied in [1] (see also [15] ). The idea is to arrange for the gauge group to conne outside the wall; the ux lines of any electric sources turned on inside the wall will then be repelled by the conning regions outside and forced to propagate only inside the wall. This traps a massless gauge eld on the wall. Since the gauge eld is prevented to enter the conned region, the thickness L of the wall acts eectively as the size of the extra dimensions in which the gauge elds can propagate. Notice that in a picture like this, the gauge couplings will exhibit power law running above the scale L 1 , and so the scenario of [6] for gauge coupling unication may be implemented, without the presence of any new dimensions beyond the large gravitational dimensions.
Exponentially small 4-d couplings
In this section we present t w o examples of applications for our central result: exponentially small couplings from small wave function overlaps of elds which are separated in the fth dimension. The two examples we consider are SM Yukawa couplings and proton decay. Since our exponential suppression factors dominate any p o w er suppression we will not keep track of the various powers of scales which arise from matching 5-d to 4-d Lagrangians.
Yukawa couplings
In this section we apply our mechanism to generating hierarchical Yukawa couplings in four dimensions. Concentrating on only one generation and the lepton sector for the moment, we start with the ve-dimensional fermion elds with action (14) where C 5 was dened in Eq. (3). As discussed in the previous sections, we nd a left-handed massless fermions l from L localized at x 5 = 0 and e c from E c localized at x 5 = r m= (2 2 ). For simplicity, we will assume that the Higgs is delocalized inside the wall. We now determine what eective fourdimensional interactions between the light elds results from the Yukawa coupling in eq. (14) . To this end we expand L and E c as in eq. (6) and replace the Higgs eld H by its lowest Kaluza-Klein mode which has an x 5 -independent wave function. We obtain for the Yukawa coupling suppressed because the two elds are separated in space. The coupling is then proportional to the exponentially small overlap of the wave functions. Note that we did not impose any chiral symmetries in the fundamental theory to obtain this result: the coupling can violate the electron chiral symmetry by O(1). Even with chiral symmetry maximally broken in the fundamental theory, we obtain an approximate chiral symmetry in the low energy, 4-d eective theory.
Long live the proton
Proton decay places a very stringent constraint on most extensions of the standard model. Unless a symmetry can be imposed to forbid either baryon or lepton numberviolation, proton decay forces the scale of new physics to be extremely high. In particular one might be tempted to conclude that proton decay kills all attempts to lower the fundamental Planck scale M signicantly beneath the GUT scale, unless continuous or discrete gauge symmetries are invoked. We now show that these no-go theorems are very elegantly evaded by separating wave functions in the extra dimensions. Consider for simplicity a one-generation model in ve dimensions where the standard model fermions are again localized in the x 5 direction by coupling the ve-dimensional elds to the domain wall scalar . Assume that all quark elds are localized near x 5 = 0 whereas the leptons are near x 5 = r as de-picted schematically in Figure 1 . We allow the ve-dimensional theory to violate both baryon numberand lepton numbermaximally, and we assume that we can parameterize this violation by local operators { . Then we can expect the following dangerous looking ve-dimensional baryon and lepton numberviolating operators
To obtain the corresponding four-dimensional proton decay operator we simply replace the ve-dimensional elds by the zero mode elds and calculate the wave function overlap in x 5 . 
Already for a separation of r = 1 0 w e obtain 10 33 which renders these operators completely safe even for M 1 TeV. Thus we imagine a picture where quarks and leptons are localized near opposite ends of the wall so that r L. Once again, even if baryon and lepton number are maximally broken in the 5-d theory at short distances, the coupling generated in the 4-d theory is exponentially suppressed and can be harmless.
In the following subsection, we present an alternate way of understanding the suppression of proton decay which also shows that corrections to this picture, either coming from quantum loops or exchange of new degrees of freedom, can beharmless.
Long live the proton, again
There is an alternative way of understanding the e r 2 suppression which is physically transparent and shows that all radiative corrections are also { Non-local operators which result from integrating out massive bulk elds are discussed in the next subsection.
suppressed by the same exponential factor. Even though it applies equally well to the case of Yukawa couplings we will only describe the analysis for proton decay here. In order to decay the proton using the local QQQL interaction, the quarks and leptons must propagate into the bulk of the wall, away from the points where they are massless (see Fig 4) . Because e.g. the 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 00000000000000000 Figure 4 : Tree-level proton decay diagram, drawn in position space for the fth dimension. The quarks stuck at one end of the wall and the lepton stuck at the other end propagate to some interior point s where they interact via the higher-dimensional QQQL operator. The \free" propagator to go to a point in the bulk is given by the value of the (Gaussian) zero-mode wave function at that point.
quarks are getting more massive as they move i n to the bulk, the propagator from the plane where they live into the bulk is suppressed. Intuitively, for each slice between x 5 and x 5 + x 5 , a Y ukawa propagator e mx 5 x 5 must be paid. Therefore, the propagator to reach a nal point x is proportional to . This is exactly the wave function for the zero mode evaluated at x , a s i s i n tuitively expected and can also be seen more formally. In order to evaluate the tree level diagram of Figure 4 , we have to integrate over the interaction vertex, yielding for the coecient of the proton decay (21) precisely reproducing the result from our earlier \overlap of wave functions" picture. This approach also makes clear why higher order corrections do not signicantly change the result. Indeed, the most general diagram for proton decay takes the form of Figure 5 : the eect of all interactions are encoded in a modied propagator into the bulk and modied interaction vertex. The modied propagator has the simple interpretation of being the wave function of the zero mode in the interacting theory. The exact form of the modied vertex is unknown. However, the vertex will still bepoint-like on scales of order , because all the interactions modifying it are mediated by particles of mass , which can only smear the vertex on scales of order . Since the propagators involved are needed at distances L 10 1 , the vertex in the Figure 5 is still eectively point-like, and so the picture of the suppression of proton decay through exponentially small wave function overlaps persists, if we replace the (free) Gaussian zero-mode wave functions by the true interacting ones.
So far we have considered proton decay operators induced by shortdistance physics above the cuto M ; but what about eects coming from integrating out elds possibly lighter than M ? In particular, we may w orry that while the separation of quarks and leptons suppresses higher-dimensional operators linking them, operators involving only quarks on one side and violating baryon number, or leptons on the other side violating lepton number, are not suppressed. If a light eld of mass m freely propagates inside the wall, this may induce operators violating both B and L suppressed only by e mL (see Figure 6 ). However, in order to specically induce proton decay, this light eld would have to befermionic. In particular, no gauge or Higgs boson exchanges can ever give rise to proton decay. If we make the single assumption that all delocalized fermions have masses of order the cuto M , then their exchange can at most give e ML Figure 5 : General proton decay diagram including higher order eects. The blobs on propagators denotes the all-order propagators, and the blob on the vertex denotes the corrected vertex. The corrected propagator is nothing other than the corrected zero-mode wave function. The corrected vertex is still local on scales larger than the width of the fermion wave function. This diagram is therefore well-approximated by the overlap between the corrected wave functions of the quark and lepton zero modes, which gives the enormous suppression of proton decay.
implies that grand unication at a scale as low as or M does not lead to rapid proton decay, as long as there are no delocalized fermionic elds with masses below M . We cannot resist the temptation to speculate that the same vacuum expectation values (VEVs) which break the GUT symmetry near the scale M may also beresponsible for the separation of the SM fermions in the 5'th dimension. For example the m ij of Eq. (13) could stem from the VEV of a GUT symmetry breaking eld which points in the (B-L) direction. Then the SM fermions would be split according to their baryon and lepton numbers. A VEV in the hypercharge direction would arrange the fermions according to their hypercharge.
We have seen that without imposing any symmetries on the underlying theory, proton decay can be adequately suppressed if quarks and leptons are stuck at dierent points in extra dimensions. One might then wonder what happened to the general lore that black-hole/wormhole eects violate all non-gauged symmetries and are therefore dangerous. In evaluating this In order to avoid too larg e a r ate for proton decay without imposing any symmetries, we must postulate that there are no delocalized fermions lighter than M . argument, we have to recall that it was Planck-scale sized wormholes giving the supposedly O(1) symmetry violating eects. Since these have a mass above the cuto, all their eects can beencoded in terms of local operators suppressed by M p M ; and indeed, we presumed that such \dangerous" operators were really present in the theory. However, their eects are harmless because the quarks and leptons are stuck at dierent points, yet have t o bedragged close to each other for the dangerous operators to beoperative. Of course, in the eective theory at distances longer than L, the quarks and leptons look like they are on top of each other, so the above suppression mechanism does not seem to apply. However, only wormholes larger than L are admissible in this eective theory, and any eect they induce will be exponentially suppressed by their action 
since there is no small overlap between l's wave function with itself. There are a n umb e r o f w a ys of resolving this problem; we will just mention the obvious strategy of adding a right-handed neutrino and gauging (B L). Of course (B L) m ust be broken in such a w a y as to not allow large Majorana masses after breaking. In our framework this would be most naturally achieved with a (B L) breaking VEV which is localized within the wall but at some distance from the lepton eld l so that the Majorana neutrino mass is exponentially suppressed k . In addition one would also get small Dirac neutrino masses, with the tiny Y ukawa couplings originating from the overlap between right-and left-handed neutrino wave functions.
k (B L) could also be broken everywhere within the wall if a discrete subgroup remains preserved, or it could be broken on a distant w all if (B L) is gauged in the large bulk where gravity propagates [3, 7] . For another approach to neutrino masses see [16] .
Summary of scales
Let us close by giving an account of the various scales we are now imagining.
Recall that the at the edge of the wall, the fermion mass hi is 2 L 10, and must not belarger than the ultraviolet cuto M . In fact we will take them to be comparable. Therefore, we have three scales in the problem: the UV cuto M , and the wall thickness scale L 
where h 4 is a generic low-energy gauge coupling or top Yukawa coupling. From the higher-dimensional point of view, the theory is on the edge of being strongly coupled at the UV cuto M . Finally, we wish to give a rough idea of the sort of suppressions which are generated by our e It is attractive that for r just ranging between 1 10, we can get appropriate sizes for everything from the top Yukawa coupling t (for r 1), to the electron Yukawa e (r 5), to sucient suppression for proton decay (r 10).
Cartography with gauge elds
While the SM fermion elds are stuck at dierent points in the extra dimension, the gauge elds are totally delocalized, and we expect that we can probe the locations of the fermions using the gauge elds. Cartography of the SM fermions with gauge elds will become an experimental science to be performed at the LHC or NLC if the wall thickness is as large as 1 T eV 
There are clearly other interesting possibilities arising from the nonuniversal couplings of SM fermions to the KK excitations. As one example, in our scenario for suppressing proton decay by separating quark and lepton wave functions, the non-standard coupling of the quarks and leptons to the KK modes has an interesting impact on atomic parity violation (APV). The latest experimental results [11] indicate that the measured weak charge of the nucleus is lower than the SM expectation by 2:5. If we had a conventional Kaluza-Klein tower at TeV scale, with standard couplings to quarks and leptons, this would enhance the SM contribution to APV. In our case, however, the situation can bedierent. If we impose the F 5 = 0 boundary conditions as stated above, then the rst Kaluza-Klein excitation has the prole shown in Figure 8 . Notice that the product of the quark and lepton couplings to the rst KK excitation has the opposite sign as in the SM, and gives a contribution to atomic parity violation that moves in the right direction. The sign of this eect is an inevitable consequence of our mechanism for suppressing proton decay, and the correct magnitude can be obtained if the wall thickness is 1 TeV.
Conclusions
In this paper we have shown that approximate symmetries can arise in a long-distance theory without any symmetry explanation in the underlying short-distance theory. Instead, even if symmetries are maximally broken at short distances, exponentially small couplings between dierent elds can result if they are \stuck" at slightly dierent points in extra dimensions. This 0 mode leptons quarks 1st KK mode Figure 8 : Since the wave functions of the usual SM gauge elds (zero modes) are at in the extra dimensions, they have identical couplings to the quarks and leptons stuck at opposite ends of the wall, as required by gauge invariance. On the other hand, since the rst KK excitation has a non-trivial wave function, its couplings can be dierent. In particular, the product of quark and lepton gauge couplings to the rst KK excitation has the opposite sign as for the SM. opens a new arena for model-building, where a specic arrangement of the fermions in extra dimensions, and not familiar avor symmetries, determine the fermion mass hierarchy. Furthermore, proton decay can be elegantly disposed of, even in theories with the fundamental cuto close to the TeV scale, if quarks and leptons are separated from each other by a factor of 10 larger than their size in the extra dimensions. If the eective size of this extra dimension or equivalently our wall thickness is close to the TeV scale, these ideas can beprobed at the LHC and NLC. The smoking gun for our mechanism for would be the detection non-universality in the coupling of SM fermions to the KK excitations of the SM gauge elds. A detailed analysis of this non-universality could then be used to \map" the locations of the fermions in the extra dimensions. In closing we w ould like to emphasize that our mechanism of suppressing couplings from non-trivial wave functions is generically operative in higher dimensional theories with chiral fermions, as most such models obtain chiral matter from modes stuck to a defect in the higher dimensions. This defect may beaeld theoretic domain wall in one extra dimension, a cosmic string in two extra dimensions, or a D-brane or orbifold xed point yy in a string model.
